In this article, we prove the existence and uniqueness of solution for the Cauchy problem of the LandauLifshitz equation of ferromagnetism with external magnetic field. We also show that the solution is globally regular with the exception of at most finitely many blow-up points. An energy identity at blow-up points is presented.
Introduction
In this paper we discuss the Landau-Lifshitz equation [10] which models the ferromagnetic spin chain on surfaces with the Gilbert damping term in the presence of an external magnetic field h(x, t). This equation plays an important role in the understanding of non-equilibrium magnetism.
Let JM and JY be closed oriented Riemannian surfaces with metric tensors y = (Yap)\< a ,p<2 and g = (gij)i<ij<2 respectively. Let J/ be isometrically embedded in K 3 and denote its second fundamental form by A. We shall assume that the principal curvatures of </K and their derivatives are uniformly bounded. Throughout this paper, C will denote constants which depend only on J( and jV'•. The notation '•' for the dot product of vectors will be suppressed. For M 0 : M -> J\f and t > 0, the Landau-Lifshitz system is given by , the geodesic ball of radius R centred at x, we also write E n (u) = E R (u;x).
In the absence of the external magnetic field, that is, h = 0, equation (1.1) was discussed in [14] . In addition, if the target manifold is S 2 , the equation was discussed in detail in [6] , see also [4] . In this case, with the presence of an external magnetic field but without the Gilbert damping term, that is, a 2 -0, (1.1) becomes d,u = AM + |VM| 2 M + h - (h, u) . Its static form AM + |VM| 2 M + h -(h,u) = 0 was discussed in several papers, see for example [8, 9] . If ai = 0, the problem was studied in [17] .
Au, \<p(u)\ 2 = 1, and
, we note that the equation (1.1) has the following equivalent form in terms of the second fundamental form AoiJf:
Note that taking only the first two terms on the right-hand side of (1.3) gives us the evolution equation of harmonic maps. The equation d,u = AM -I-A(u)(Vu, VM) was fully discussed in [15] . If the initial data M 0 € W l2 (~rf, ^V) is given, its unique solution exists and is smooth globally except at finitely many blow-up points. Energy identities describing the solutions near the blow-up points were given in a number of [3] Landau-Lifshitz equation 301 papers, for example, [3] [4] [5] [11] [12] [13] . Examples of finite time blow-up for the harmonic map heat flow were constructed in [1, 2] . In this paper, we discuss the existence, uniqueness and regularity of solutions to (1.1). Our results are as follows: 
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REMARK 1. In Theorem 2, if T = oo, we emphasize that /" has to be chosen appropriately in order for the pointwise weak limit u(x, oo) to be a harmonic map. On the other hand, if T < oo, the energy identity (1.7) is independent of the choice of the sequence {?"} once the bubbles {w,}^, have been selected.
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Existence and uniqueness
The proof of Theorem 1 is given in this section. First, following [15] , we define the following function space: PROOF. Multiplying (1.1) by 0(M) and observing that -
Using (1.1) again, we get
The result (2.2) now follows by multiplying both sides of (2.3) by 3,M and using the fact that 3,M(0(M) x 3,M) = 0.
• REMARK 3. Similarly, it can be proved that for any <p e C~(B 2 R(^)) satisfying < < o < l ,^ = lon B R (x), and |V<p| < C/R for some constant C, we have Inequalities (2.5) and (2.6) now follow directly from (2.8). For (2.7), we notice that the two terms on the right-hand side of (1.1) are orthogonal to each other, so 
+<xi I ^E{u{-,t))dt
In view of (2.11) 
1). Then for any x > 0 the Holder norms of u and its derivatives may be estimated uniformly on ^(J by quantities involving E o , H o , H^, H u r, T and R, provided s(R) < e 0 .
PROOF. Multiplying (1.3) by AM and integrating over ^#, by virtue of Au ((p(u) x AM) = 0, we get 
For the right-hand side of (2.24), first we note that 
<C f (|d,u||3,0(u)||A|
Also,
From (2.24H2.27) we obtain f |V3,M| 
We note that as follows:
For a smooth map u, the derivative of L at M is given by 
If we choose e > 0 small enough, the function equal to 0 for 0 < t < e and equal to L(M 0 ) for e < t < co will be in this neighbourhood. So u\_^, solves the Landau-Lifshitz equation. Using the standard bootstrap method we can get the smoothness of the solution.
• By Lemma 3, there exists 71 of order at least e o^o an<^ s u c n t n a t e(R; u m , 71) < s 0 uniformly. Hence, by Lemma 7, u m converges uniformly in V (^r' ;^K ) ; moreover, by Lemma 6, the limit is a solution of (1.1).
To verify the characterization condition (1.4) for the singular points, we proceed by contradiction. Let 71 be the maximal existence time for a smooth solution starting from M 0 and suppose (1.4) (-, t) remark that if we choose t n such that T(M(-, t n )) -> 0 then the weak limit «(-, oo) in (1.6) is a harmonic map. When the blow-up time T is finite, it does not seem possible to choose a time sequence t n -> T to make r(u (-,t n ) ) uniformly bounded in L 2 (^).
However, one can prove the existence of lim,^?-£ («(-, t) ). As in [12] , consider the scaling v n (x) = u(X n x + x 0 , -k 2 n x n + t n ) for appropriately chosen sequences k n , r n and t n with limn^oo A n = 0 and Hindoo t n = T. Then v n (x) can be seen to be a Palais-Smale sequence and r(v n ) converges to 0 in L 2 (^) so that again we can apply Proposition 1 to finish the proof.
• REMARK 5. Finally, we remark that when the blow-up time is infinite, while the convergence of lim^oo £(«(-, t)) fails in general, Topping [16] proved that uniform convergence holds when the target manifold is S 2 . He showed that the L 2 -norm of T(M(-, t)) decreases exponentially in time, and that the weak limit M(-, OO) and the bubbles a>, are unique. Furthermore, a counterexample was given to show that these results may not hold when the target manifold is not S 2 . The counterexample is from a two-dimensional domain to S 2 x R 2 on which a warped metric is defined.
